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Abstract
We characterize a metric uc-ness of local nature, uc-ness means some continuity is uniform, as a
uniform separation property. Then we reformulate it as a relationship between hypertopologies and
finally as agreement between function space topologies.  2002 Elsevier Science B.V. All rights
reserved.
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Introduction
Usually in the literature the term uc-ness means some continuity is uniform. The class
of uniform spaces is a general setting in which uc-ness makes sense. But the versatility
of metric uc-ness, any continuity is uniform, is witnessed by a progressive publication
of a very long list of papers containing various, interesting, a priori far from each other,
equivalent formulations. A metrizable space X admits a compatible uc metric iff its derived
set X′ is compact. The metric uc-ness can be characterized as the uniform normality, any
two disjoint nonempty closed sets have a positive distance apart, and then reformulated
as a relationship between topologies on the hyperspace CL(X) of X, which stands for
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all closed nonempty subsets of X: the Vietoris topology is weaker than the Hausdorff
topology induced from the Hausdorff metric. The boundedly uc-ness, any real-valued
continuous function is uniformly continuous on bounded sets, is a weaker form of the
metric uc-ness linked to the Attouch–Wets topology on CL(X). For the class of boundedly
compact metric spaces (i.e., metric spaces in which all closed balls are compact) the class
of boundedly uc metric spaces plays a role similar to the role the class of uc metric
spaces plays for the class of compact metric spaces. For instance, a metrizable space
X admits a boundedly uc compatible metric iff X′ is locally compact and separable, a
condition equivalent to the existence on X′ of a boundedly compact metric. Furthermore,
the boundedly uc-ness can be reformulated as the uniform normality for closed sets versus
bounded closed sets. The metric uc-ness and the boundedly metric uc-ness both connect to
function space topologies originated by identifying functions with their graphs; the former
one to the functional Hausdorff convergence, the latter one to the functional Attouch–
Wets convergence. The uc metric spaces, the boundedly uc metric spaces, X, characterize
as the metric spaces for which the functional Hausdorff convergence, the functional
Attouch–Wets convergence yields in C(X,R), in C(X, [0,1]), the uniform convergence,
the uniform convergence on bounded sets, respectively. Finally a metric space X with
no isolated points is locally compact iff any continuous function from X to the reals
is uniformly continuous locally. We distinguish two different notions of local uniform
continuity, local uniform continuity and uniform local uniform continuity, from which two
essentially different versions of local uc-ness get up. We interpret the stronger version
as the uniform separation property for closed sets versus closed sets of small size. So
the class of metric spaces which are uniformly locally uc resides between the classes
of boundedly uc metric spaces and complete metric ones. As any uniform separation
property it reflects in the hyperspace and can be reformulated as: the Vietoris-type topology
determined in its miss part from the closed sets of small size is weaker than the Hausdorff
topology. Weak and strong forms of local metric uc-ness are nicely cohesive, since the
derived set X′ of a locally uc metric space X must be locally compact and a metrizable
space X, whose derived set X′ is locally compact, admits a compatible metric which is
uniformly locally uc. In getting this last result a central role is played by the class of
metric spaces with nice closed balls (i.e. metric spaces in which any closed ball distinct
from the entire space is compact). Finally, after identifying continuous functions with
their graphs, the uniform local uc-ness characterizes as follows: A metric space X is
uniformly locally uc iff for each metric space Y in C(X,Y ) the uniform convergence
on the tubes of small size yields the uniform convergence on the balls of the same
size.
1. Background and preliminaries
We introduce preliminarily the three simplest and natural forms of uc-ness also firstly
considered in the literature by Nagata and Atsuji and recall some related classical results,
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which allow us to catch the analogies and the interplay between classical case and local
versions.
Theorem 1.1. The following properties:
• any continuity is uniform,
• any real continuity is uniform,
• any bounded real continuity is uniform
are usually distinct in uniform setting but coincide for some special classes as the class of
metric spaces [15,2], the class of topological groups with their left uniformities [10] and
the class of sequentially uniform spaces [12].
From now on we refer to the above properties in Theorem 1.1 in metric case indifferently
as metric uc-ness.
• Metric uc-ness can be reformulated as uniform normality.
Theorem 1.2. Let (X,d) be a metric space. Then (X,d) is uc iff any two disjoint nonempty
closed sets have a positive distance apart.
• Further, Atsuji proved the most visual characterization of a uc metric space.
Theorem 1.3. A metric space X is uc iff its derived set X′ is compact and X − Sε[X′] is
uniformly discrete for each ε > 0, where Sε[X′] is the ε-collar of X′.
• Mrowka gave the following topological characterization [14].
Theorem 1.4. A metrizable space X admits a compatible uc, or equivalently uniformly
normal, metric iff its derived set X′ is compact.
2. Local uc-ness and uniform separation properties
In considering local versions of uc-ness we get two possible notions of local uniform
continuity. Again we will limit ourselves to the metric case and to the real-valued functions.
Let (X,d) be a metric space. We say that a function f :X→R fromX to the reals is locally
uniformly continuous when each point x ∈X has a nhbd Ux such that the restriction of f to
Ux is uniformly continuous. Naturally, when the space X is locally compact any continuous
function on X is locally uniformly continuous. We say that f :X→R is uniformly locally
uniformly continuous when there exists ε > 0 such that the restriction of f to each ball of
radius ε is uniformly continuous. When the space X is uniformly locally compact, that is
all closed balls of a same size are compact, then any continuous function on X is uniformly
locally uniformly continuous.
Apparently from these two notions of local uniform continuity it seems to derive three
versions of local metric uc-ness, which we summarize in the following:
6 O.T. Alas, A. Di Concilio / Topology and its Applications 122 (2002) 3–13
Definition 2.5.
(i) A metric space is locally uc iff any continuous function to the reals is locally
uniformly continuous.
(ii) A metric space is uniformly locally uc iff any continuous function to the reals is
uniformly locally uniformly continuous.
(iii) A metric space is small size uc iff there exists ε > 0 such that any continuous
function to the reals is uniformly continuous on each ball of radius ε.
Naturally, small size uc-ness implies uniform local uc-ness and this in turn local uc-ness.
But only local and uniform local uc-ness are really different, while uniform local uc-ness
and small size uc-ness agree as we will be able to prove later by passing through uniform
separation properties.
Example. Let Y = {1/n: n ∈N+}. SupposeX = Y×[0,1] is equipped with the Euclidean
metric d . Then d is locally uc since X is locally compact but not uniformly locally uc.
Consider the function f :X→R so defined:
f
( 1
n
, t
)= {0, if n is odd,1, if n is even.
Then f is continuous but not uniformly locally continuous.
To simplify when we are considering only subsets whose diameter is  ε for a
convenient ε > 0 , we will speak of subsets of small size. Firstly, we introduce the following
uniform separation property:
• uniform normality for closed sets versus closed sets of small size.
(A) Any two disjoint nonempty closed sets, one of them is of small size, have a positive
distance apart.
And next:
• uniform normality for subsets of small size.
(B) Any closed subset of small size is uniformly normal, or equivalently any two disjoint
nonempty closed sets whose union is of small size have a positive distance apart.
Now examine the role of the size.
Proposition 2.6. The properties (A) and (B) are equivalent.
Proof. If (A) holds and ε > 0 works, then any closed set in X whose diameter is  ε
is uniformly normal. So (B) holds too. If (B) holds and ε > 0 works, then anytime you
take two nonempty disjoint closed sets, one of them of diameter  η, 0 < η < ε, you can
uniformly separate them. This means that (A) holds since any η, 0 < η < ε, works. ✷
Furthermore the classical result Theorem 1.2 guarantees that the implication (B)→ (A)
is equivalent to small size uc-ness.
And:
O.T. Alas, A. Di Concilio / Topology and its Applications 122 (2002) 3–13 7
Theorem 2.7. In a metric space X the uniform local uc-ness and the small size uc-ness
are equivalent.
Proof. That the small size uc-ness implies the uniform local uc-ness is trivial. In the vice
versa, from the above considerations, it is enough to prove that the uniform local uc-
ness implies the property (B), that is the uniform normality in the closed sets of small
size. If not, you can find in X two closed nonempty disjoint subsets A1, B1 so that
δ(A1 ∪ B1)  1 and d(A1,B1) = 0. For each n  1, you can pick points xn1 in A1, yn1
in B1 whose distance d(xn1 , y
n
1 ) < 1/n. Further, you can choose a continuous function
f1 :X→[0,1] separating A1,B1 with f1(A1)= {1}, f1(B1)= {0}. Finally, you can select
a positive real number ε1 such that f1 is uniformly continuous on each ball of radius ε1.
Put r1 = 1 and r2 = min{ 13 , ε1} and proceed as before. At the step k, by starting from
rk =min{1/3k, εk−1, rk−1}, you get a continuous function:
gk = f1 + 13f2 + · · · +
1
3k−1
fk
and two adjacent sequences {xnk }, {ynk } both contained in a same ball of radius rk . When
you go, for k  2, to calculate the real expression
∣∣gk(xnk )− gk(ynk )∣∣=
∣∣∣∣gk−1(xnk )− gk−1(ynk )+ 13k−1
∣∣∣∣
you find that it tends to 1/3k−1 when n goes to infinity since rk  min{ε1, . . . , εk−1}.
Introduce f =∑∞n=1(1/3n−1)fn. Then f is a continuous function on X but for each ε > 0
it fails to be uniformly continuous on some ball of radius ε. Let ε > 0. Choose an integer
k  2 so that rk  ε. Calculate:∣∣f (xnk )− f (ynk )∣∣ =
∣∣∣∣gk−1(xnk )− gk−1(ynk )+ 13k−1
+
∑
nk+1
1
3n−1
(
fn
(
xnk
)− fn(ynk ))
∣∣∣∣.
Notice that:∣∣gk−1(xnk )− gk−1(ynk )∣∣ 122 · 3k−1 eventually
and: ∣∣∣∣ ∑
nk+1
1
3n−1
(
fn
(
xnk
)− fn(ynk ))
∣∣∣∣ 12 · 3k−1 .
So you can deduce |f (xnk )− f (ynk )| 1/22 · 3k−1 eventually. Thus a contradiction. ✷
It is in the folklore that the metric completeness can be reformulated as the uniform
normality for closed sets versus totally bounded closed sets.
Theorem 2.8. In the metric case, the uniform local uc-ness implies the completeness.
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Proof. It is straightforward after reformulating the uniform local uc-ness as the uniform
normality for closed sets versus closed sets of small size, see (A). ✷
Theorem 2.9. Let (X,d) be a metric space. The following properties are equivalent:
(1) For each metric (uniform) space (Y, d1) any continuous function f :X → Y is
uniformly locally uniformly continuous.
(2) Any continuous function f :X→R is uniformly locally uniformly continuous.
(3) Any continuous function f :X→[0,1] is uniformly locally uniformly continuous.
Proof. (1)⇒ (2)⇒ (3) is trivial.
(3) ⇒ (1) Suppose you can find a metric space (Y, d1) and a continuous function
f :X → Y such that for each ε > 0 there is a ball Bε of radius ε on which f fails to
be uniformly continuous. Then you can select a positive real number η so that for each
integer n 1 there exist xn, yn ∈ Bε with d(xn, yn) < 1/n and d1(f (xn), f (yn)) η. The
Efremovic Lemma guarantees the existence of subsequences {xnk }, {ynk } with the property
d1(f (xnk ), f (ynl ))  η/4 for each k and l. Denote A = {f (xnk )} and B = {f (ynk )}.
Since A ∩ B = ∅ you can separate them by a continuous function g :Y → [0,1]. Then
g ◦ f :X→[0,1] is continuous but not uniformly locally uniformly continuous. For each
ε > 0, in fact g ◦ f fails to be uniformly continuous on Bε . ✷
3. Uc-ness and hypertopologies
We characterize uniform separation properties as relationships between hypertopolo-
gies.
Remind that the hyperspace CL(X) stands for all closed nonempty subsets of a
topological space X. A Vietoris-type topology τJ on CL(X) is splitted in two parts: the
hit and miss part. The miss part is generated from all sets A+, where X−A runs in a fixed
nonempty collection of nonempty closed sets of X, J, and
A+ = {E ∈ CL(X): E ∩ (X−A)= ∅}.
The hit part is determined from all sets A− = {E ∈ CL(X): E∩A = ∅}, where A describes
all open sets in X. When J exhausts all closed sets then τJ is the Vietoris topology. When
X is metrized from d , then CL(X) is metrized from the Hausdorff metric dH so defined:
dH (A,B)=max
{
sup
a∈A
d(a,B), sup
b∈B
d(b,A)
}
, A,B ∈ CL(X),
which in turn induces the Hausdorff topology τH (d).
Michael proved that:
Michael’s theorem in metric version. For a metric space X the Vietoris topology is
weaker than the Hausdorff topology iff the space X is uniformly normal, that is any two
nonempty disjoint closed sets have a positive distance apart.
We generalize the Michael’s result.
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Theorem 3.10. For a metric space X a Vietoris-type topology τJ is weaker than the
Hausdorff topology iff any two nonempty disjoint closed sets, one of them in J, have a
positive distance apart, or equivalently uniform normality for closed sets versus closed
sets in J holds.
Proof. All Vietoris-type topologies have the same hit part which is always contained
in τH (d). Suppose E ∈ A+. Then there exists x ∈ E ∩ A and ε > 0 such that the ball
B(x, ε)⊂ A. The dH -ball BdH (E, ε) is contained in A−. When dH (E,F ) < ε, there is a
point xF ∈ F for which d(xF , x) < ε. So xF ∈ F ∩A, that implies F ∈A−.
Suppose τJ ⊂ τH (d) and E,F are two nonempty disjoint closed subsets with F ∈ J.
Then there must exist ε > 0 such thatBdH (E, ε)⊂ (X−F)+. For that the distance d(E,F )
must be positive. If not, for each n  1, we pick xn ∈ E,yn ∈ F so that d(xn, yn) < 1/n.
Consider an integer k with 1/k < ε and the closed subset K = {yn: n  k} in F . Then
dH(E,K) < ε but K /∈ (X− F)+. A contradiction.
Vice versa. Let E ∈A+ and (X−A) ∈ J. Then d(E,X−A)= ε > 0. It is easy to prove
that the ball BdH (E, ε) ∈A+. ✷
Theorem 3.11. A metric space X is uniformly locally uc iff the Vietoris-type topology
determined in its miss part from closed subsets of small size is weaker than the Hausdorff
topology.
Proof. Remember that the uniform local uc-ness is equivalent to the uniform normality
for closed sets versus closed sets of small size. ✷
4. Topological characterizations
We now investigate the structure of the metric spaces with local uc-ness. To obtain
existence conditions we need to introduce the class of metric spaces with nice closed balls.
A metric space has nice closed balls when any closed ball distinct from the entire space
is compact. We remark that a metrizable space has a compatible metric with nice closed
balls iff it is locally compact.
Theorem 4.12. If (X,d) is locally uc, then its derived set X′ must be locally compact (in
itself).
Proof. Suppose not. Then there exists a point x0 in X′ such that no ball in X′ with the
center x0 is compact. Choose a ball B ′(x0, ε1) in X′. Inside it some sequence {xk1} does not
accumulate in X′. Let ε2 > 0 selected so that ε2  12 and B ′(x0, ε2) excludes all “x
k
1 ”. If
you reiterate you get at the step n a ball in X′,B ′(x0, εn), with εn  1/n, which excludes
all “xkn−1”. If, for each n, k  1, you pick a point ykn in X so that d(xkn, ykn) < 1/k, you
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construct a closed set A = {xkn: n, k  1} ∪ {ykn: n, k  1} ∪ {x0} in X. Define on A the
following function f :
f (x0)= 0, f
(
xkn
)= 1
n
, f
(
ykn
)= 2
n
, ∀n, k  1.
Since f is continuous on A, it is continuously extendable to all of X. Any of its continuous
extensions fˆ fails to be uniformly continuous near x0. Let ε = 1/n, n 1. Observe “xkn”,
“ykn” all belong to B ′(x0, εn) ⊂ B(x0,1/n) and d(xkn, ykn) < 1/k, for each k  1, while
|fˆ (xkn)− fˆ (ykn)| = 1/n. ✷
Theorem 4.13. Let X be a metrizable space. Then X admits a compatible metric which is
uniformly locally uc iff its derived set X′ is locally compact (in itself ).
Proof. When X can be equipped with a metric which is uniformly locally uc, then
the previous theorem implies local compactness for X′. Vice versa. When X′ is locally
compact there is a metric d ′ on it with nice closed balls which can be extended in a metric
d on the entire X. Remetrize X by ρ:
ρ(x, y)=
{0, x = y,
d(x, y)+max{d(x,X′), d(y,X′)}, otherwise.
The metric ρ works. When X′ just reduces to a point x , then trivially any two ρ-adjacent
sequences must accumulate to x . Otherwise if ε is the distance between two distinct
points in X′, then ε/4 is a working right size. If not, there exist two ρ-adjacent sequences
{xn}, {yn} both contained in a same closed ρ-ball with radius ε/4. There is also a sequence
{x ′n} in X′ d-adjacent to {xn}. Put A= {xn: n 1} and consider the nonempty intersection
Sdε/4[A] ∩X′, where Sdε/4[A] is the ε/4-collar of A with respect to d . The ρ-diameter of A
is  ε/4. So by the triangle inequality the d-diameter of Sdε/4[A] is < ε. Thus Sdε/4[A] ∩X′
and then all “x ′n” are contained in a compact d ′-ball of X′. The sequence {x ′n} has to
accumulate to a point x , so both {xn}, {yn}. A contradiction. ✷
5. Distance functionals
When (X,d1), (Y, d2) are both metric spaces and d = d1 × d2 is the box-metric in
X × Y, C(X,Y ), via the natural identification of functions with their graphs, can be
equipped with the well-known Hausdorff topology, Attouch–Wets topology, Wijsmann
topology.
A net {fλ}, fλ ∈ C(X,Y ), Hausdorff, Attouch–Wets, Wijsmann converges to a function
f ∈ C(X,Y ) iff the net of distance functionals of their graphs {d(Gfλ)} uniformly,
uniformly on bounded sets, uniformly on compacta converges to the distance functional
associated to the graph of f, d(Gf ), respectively. Remind that the uc, the boundedly uc
metric spaces, X, characterize as the metric spaces for which the functional Hausdorff
convergence, the functional Attouch–Wets convergence yields in C(X,R), in C(X, [0,1]),
the uniform convergence, the uniform convergence on bounded sets, respectively.
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These results induced us to investigate the interplay between uc-ness of local nature and
function space topologies. To simplify we speak of tubes of small size in X× Y when we
refer only to subsets in X×Y which are products of balls of small size in X with the entire
space Y . It is worthwhile to introduce the uniform convergence on the tubes of small size
by saying that a net {fλ}, fλ ∈ C(X,Y ), uniformly converges on the tubes of small size to a
function f ∈C(X,Y ) iff the net of distance functionals of their graphs {d(Gfλ} uniformly
converges on the tubes of small size in X × Y to the distance functional associated to the
graph of f , d(Gf ). It resides in between the Wijsmann convergence and the Hausdorff
convergence and when Y is bounded it is weaker than the Attouch–Wets convergence. It is
easy to show that the uniform convergence on the balls of small size implies the uniform
convergence on the tubes of small size.
We construct an example which shows that the converse is not true. Let X = &2 equipped
with the Hilbert distance
d1
({xn}, {yn})=
√∑
n∈N
(xn − yn)2
and Y = [0,1] with the Euclidean distance d2(x, y)= |x − y|.
Theorem 5.14. In C(&2, [0,1]) the uniform convergence on the tubes of small size is
strictly stronger than the uniform convergence on compacta and strictly weaker than the
Attouch–Wets convergence.
Proof. Consider in &2 the system
{eh: h ∈N+}, eh = {xn}, xn =
{
0, n = h,
2, n= h
and the uniformly discrete collection of all closed balls Bh with center eh and radius 1.
Define f : &2 →R by putting:
f (x)=
{
d1(x, en), if x ∈Bn for some n,
1, otherwise;
and for each n ∈N+, fn : &2 →R,
fn(x)=
{
f (x), if x ∈⋃nh=1 Bh,
1, otherwise.
All functions fn,f are continuous. The sequence {fn} uniformly converges on the tubes of
radius 1 to f but does not converge in the Attouch–Wets topology. Indeed, the sequence
{fn} uniformly converges to f on each ball in &2 of radius 1. Any of these balls intersects
at most one Bh, so, at least from h+ 1 on, all functions fn agree with f .
Choose x0 = 0 ∈ &2, y0 = 0 ∈ R and take k  3. Then all (en, f (en)) are in the d-ball
centered at (0,0) and radius k. But for each n,h ∈N+ and each point x whose d1-distance
from en+h is less than 1/k,fn(x)= 1 and f (en+h)= 0. So d2(f (en+h), fn(x))= l > 1/k.
On the other side, it is possible to find a nhbd of the distance functional of the graph of
the constant function zero, &2 × {0}, in the topology of uniform convergence on the tubes
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of radius  1, which contains no nhbd of it in the topology of uniform convergence on
compacta, which is just the pointwise convergence for distance functionals. Let B(0,1) be
the unitary ball in &2, and η an arbitrary positive real number. Then anyway you take points
(x1, t1), . . . , (xn, tn) in &2 × [0,1] and a positive real number ε, you can find a continuous
function f : &2 →[0,1] whose graph admits a distance functional d(Gf ) so that:∣∣d((xi , ti ), &2 × {0})− d((xi , ti),Gf )∣∣< ε, ∀ i = 1, . . . , n,
and a point (x, t) in B(0,1)× [0,1] so that:∣∣d((x, t), &2 × {0})− d((x, t),Gf )∣∣ η.
Suppose only for i = 1, . . . , h, |ti − 12ε|> 0. Then observe that you cannot cover B(0,1)
with the union of the balls B(x i , |ti − 12ε|). So pick a point x ∈ B(0,1) outside that union
and distinct from xh+1, . . . ,xn. Select a continuous function f : &2 →[0,1] in such a way
that f (B(xi , |ti − 12ε|))= 12ε,∀ i = 1, . . . , h and also f (xi )= 12ε, ∀ i = h+ 1, . . . , n, but
f (x)= η. Anytime:∣∣d((xi , ti ), &2 × {0})− d((xi , ti),Gf )∣∣= ∣∣ti − ∣∣ti − 12ε∣∣∣∣< ε,
but: ∣∣d((x, t), &2 × {0})− d((x, t),Gf )∣∣= η.
And the result follows. ✷
We conclude with:
Theorem 5.15. A metric space (X,d1) is uniformly locally uc iff for each space (Y, d2) in
C(X,Y ) the uniform convergence on the tubes of small size yields the uniform convergence
on the balls of the same size.
Proof. Suppose the net {fλ} uniformly converges on the tubes of small size to a function
f and f is uniformly continuous on the balls of the same size. Let B any ball in X whose
radius is the common size. Let ε > 0 and δ > 0 so that when x, y ∈ B and d1(x, y) < δ
then d2(f (x), f (y)) < 12ε. Denote η=min{ 12ε, δ}. More suppose, when λ > λ0, that:
sup
(x,t)∈B×Y
∣∣d((x, t),Gf )− d((x, t),Gfλ)∣∣< η.
When x ∈ B , for each λ > λ0, the box-distance of (x, fλ(x)) from Gf must be less than
η. Thus there is on Gf a point (y, f (y)) such that d1(x, y) < η and d2(fλ(x), f (y)) < η.
It follows that for each λ > λ0 and for each x ∈ B∣∣f (x)− fλ(x)∣∣ ∣∣f (x)− f (y)∣∣+ ∣∣f (y)− fλ(x)∣∣< ε.
And the result follows. Vice versa. Let ε > 0 be the common size. Then any closed subset of
X whose diameter is ε is uniformly normal. If not, there exist two d1-adjacent sequences
{xn}, {yn} both contained in a same d1-ball of radius ε, which cannot accumulate. Denote
zn =
{
xn, if n is odd,
yn, if n is even.
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Choose two distinct points a, b ∈ Y and construct continuous functions f,fn :X→ Y such
that:
f (x)=
{
a, if x = z2n for some n,
b, if x = z2n−1 for some n.
fn(x)=
{
b, if x = z2n for some n,
f (x), otherwise.
Then the sequence {fn} Hausdorff converges to f but it does not uniformly converge to f
on the ball B since d2(f (zn), fn(zn))= d1(a, b). ✷
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